Abstract. In this article, we study ruled surfaces in a Lorentzian space-time, which have finite type immersion. We give a condition for bi-finite type surfaces to be of finite type.
Introduction
In late 1970's B. In this article, we study ruled surfaces of bi-finite type in an mdimensional Lorentzian space-time L m , and we give a sufficient condition for such surfaces to be of finite type.
Throughout this paper, we assume that all objects are smooth and all surfaces are connected unless otherwise mentioned.
Preliminaries
Let E m 1 be an m-dimensional pseudo-Euclidean space of signature (1, m−1) with the metric ds 2 
From now on, a submanifold in L m always means pseudo-Riemannian, that is, the induced metric on the submanifold is non-degenerate.
For the components g ij of the induced pseudo-Riemannian metric ·, · on M from that of L m we denote by (g ij ) (resp. G) the inverse matrix (resp. the determinant) of the matrix (g ij ). Then, the Laplacian ∆ on M is given by
Now, we define a ruled surface M in L m . Let I and J be open intervals containing 0 in the real line R. Let α = α(s) be a curve of J into L m and β = β(s) a vector field along α with α (s) ∧ β(s) = 0 for every s ∈ J. Then, a ruled surface M is defined by the parametrization given as follows:
For such a ruled surface, α and β are called the base curve and the director vector field, respectively. The director vector field β is a curve along the base curve α. In particular, if β is constant, the ruled surface over a base curve α is said to be a cylinder. In this case, a base curve can be chosen as a curve in (m − 1)-dimensional affine space E m−1 s (s = 0, 1) orthogonal to the constant vector β, where the index s is determined according to β. Thus, a cylinder means the right cylinder in L m . Or, else it is called non-cylindrical.
In case that the base curve α and the director vector field β are nonnull, the base curve α can be chosen to be orthogonal to the director vector field β and β can be normalized satisfying β(s), β(s) = ε(= ±1) for all s ∈ J. In this case, according to the character of vector fields α and β, we have ruled surfaces of five different kinds as follows: If the base curve α is space-like or time-like, then the ruled surface M is said to be of type M + or type M − , respectively. Also, the ruled surface of type M + can be divided into three types. If the vector field β is space-like, it is said to be of type M 1 + or M 2 + if β is non-null or null, respectively. When the vector field β is time-like, β is space-like because of the causal character. In this case, M is said to be of type M 3 + . On the other hand, for the ruled surface of type M − , the director vector field is always space-like. According as its derivative β is non-null or null, it is also said to be of type M 1 − or M 2 − , respectively. If the base curve and the director vector field regarded as a curve are of finite type with the same eigenvalues in L m , the ruled surface is said to be of bi-finite type. In this definition, every constant function is regarded as an eigenfunction with eigenvalue 0.
3. Ruled surfaces with non-null base curves and bi-finite type surfaces
In this section, first of all we state some classification results for finite type ruled surfaces in L m with non-null base curve and non-null director vector field( [8] For later use, we give a simple proof of Proposition 3.3 as follows. The parametrization for M may be given by
We define functions Q and U by
where the parameter t runs in such a way that Q > 0. By the straightforward computation, we easily have the Laplacian ∆ of M in the form of
and we get
where
Suppose that U vanishes identically. Then the function Q is constant with value 1. Thus we have
Hence, we see that M is of bi-finite type. Note that the meaning of finiteness of the null curve β is formally defined. Now suppose that the function U does not vanish identically. Then we get deg Q = 1, and deg 
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Let x A be the A th -component function of the immersion x which is identified with the position vector of the point of M in L m . Since x A is a linear function in t, by using Lemma 3.4, we have
where P j (t) is a polynomial in t with functions in s as coefficients and deg(P j ) ≤ 2(j − 1) + d. Therefore, if j goes up by one, the degree of numerator of ∆ j x A goes up by at most 2 while the degree of the denominator goes up by 3. Thus, for some positive integer k, Now, we may raise a natural question: Does the converse of Proposition 3.3 hold?
We give an answer as follows: U β − 2U β = 0,
From (3.7) and (3.8) it follows that (3.9) β = U α .
Taking the scalar product with β yields U = 0, which is a contradiction. Thus, the function U is a nonzero constant. Therefore (3.6) and (3.8) show that α = −U β and β = 0, which contradicts to the bi-finiteness. This completes the proof of 2).
3) It follows from (3.3) and (3.5) that
Since α and β are of finite type with the same eigenvalues, (3.10) shows that M is of finite type with the same eigenvalues. This completes the proof. Hence, up to congruence we may assume that 
